Flexible manipulator generally can be modeled as a coupling system with a flexible beam and a rigid moving base. This paper investigates the vibration responses and power flow of a flexible manipulator with a moving base (FMMB). Considering the motion characteristics of the rigid base, the moving base is modeled to have a motion with disturbances, and the dynamic model of the FMMB is established. With the dynamic model, vibration responses of the FMMB for the rigid base having disturbance velocities and accelerations are specifically presented. Subsequently, to investigate the effect of the disturbances on the vibration energy distributions of the FMMB, power flow of the FMMB is exhibited. To verify the dynamic model, an ADAMS physical model of the FMMB is constructed. It reveals that the motion characteristics of the rigid base have a noticeable effect on the vibration responses and power flow of the FMMB and should be considered. The results are significant and contribute to the vibration control of flexible manipulators.
Introduction
With the motivations of better energy efficiency, higher operation speed, and mobility, flexible manipulators have been extensively used in industrial applications, such as aerospaces and robotics fields [1, 2] . However, due to their light weight and flexible nature, flexible manipulators exhibit vibrations during the execution of operation tasks, which significantly affects the operation precision of the end-effectors especially in high precision operating systems [3] [4] [5] . Numerous researches have investigated the vibration characteristics and control strategies of the flexible manipulators [2, 4, [6] [7] [8] [9] . To study the vibration characteristics and devise the control strategies of a flexible manipulator, dynamic modeling should be firstly conducted. A precision dynamic model can accurately describe the vibration characteristics and contribute to the vibration control of the flexible manipulator.
As shown in Figure 1 , a flexible manipulator can be modeled as a coupling system consisting of a flexible beam and a rigid base [2] [3] [4] . Driven by the rigid base, the flexible beam exhibits an elastic displacement; thus, the dynamic model is complicated by the strong coupling between the rigid base and the flexible beam [10] . In present literatures, the rigid base mainly has a translational motion or a rotational motion [2, 4, 11] ; moreover, the motions velocities and accelerations of the rigid base are commonly assumed to be constant without fluctuations [12, 13] . Actually, due to the dynamic effect of the rigid base, such as the motor parameters and mechanism inertias, this assumption is difficult to achieve and the velocities and accelerations would present a certain fluctuation [13] [14] [15] . Thus, the assumption will introduce a certain precision error in the vibration controls of the flexible manipulators. The motion characteristics of the rigid base should be considered.
In some literatures, the rigid base is assumed to exhibit a harmonic excitation, and subjected to the harmonic excitation, the beam system can be modeled as a parametrically excited system [16] . Yabuno and Nayfeh [17] investigated the nonlinear normal modes of a vertical cantilever beam excited by a principal parametric resonance. Pratiher and Dwivedy [18] manipulator which is similar to the system presented in this paper. However, a review of these literatures can find that the harmonic excitation did not consider the motion characteristics of the rigid base, such as the velocities and the accelerations. In other words, for the rigid base having a certain motion characteristic, the effect of the harmonic disturbances has not been investigated. Moreover, the strategies to suppress the effect of the harmonic disturbances also remain a further study.
The vibration responses can describe the vibration characteristics of the end-effectors, which can be used to reflect the effect of the motion characteristics. However, the instantaneous vibration responses cannot successfully characterize the overall vibration levels of the structures. It is known that, for a vibrating structure, time-averaged vibration energy is more descriptive than instantaneous value [19, 20] . Therefore, to further study the effect of the motion characteristics of the rigid base on the overall vibration energy distributions of the flexible manipulator, the power flow is introduced in this paper which contributes to further vibration control and structure optimization. The power flow is originally addressed by Noiseux [21] to measure uniform beams and plates and described and discussed by Goyder and White [22] , which essentially combines force and velocity into a single quantity and can clearly describe the vibration energy distribution and transmission characteristics of structures. Numerous researches have focused on the power flow of beam, plate, and shell structures as well as complex coupled systems [23] [24] [25] [26] [27] , such as the floating raft isolation systems and machine isolation systems [28, 29] . A review of recent literatures, however, reveals that the investigations of power flow mainly focused on large-scale coupling structures or stationary flexible structures. The power flow of a moving structure, such as the flexible manipulator presented in this paper, has not obtained essential attention.
In this paper, considering the motion characteristics, the rigid base is modeled to have a motion with disturbances. The effect of the disturbances on the vibration characteristics of the FMMB is investigated for the rigid base having velocities and accelerations. To reflect the overall vibration energy of the flexible manipulator with disturbance motions, the power flow of the flexible manipulator is presented. The rest of the paper is organized as follows. In Section 2, dynamic model of the FMMB is established. Based on the dynamic model, vibration responses of the FMMB are obtained. Subsequently, vibration power flow of the FMMB is obtained in Section 3. Results are presented and discussed in Section 4. Finally, in Section 5, the paper is concluded with a brief summary.
Dynamic Model and Vibration
Responses of the FMMB In this section, dynamic model of the FMMB is established. The flexible manipulator is modeled as a coupling system consisting of a flexible beam and a rigid base as shown in Figure 2 , and the flexible beam is attached to the rigid base. During the dynamic model construction, assumptions are made as follows. Motions of the flexible beam are restricted to the horizontal -plane and transverse bending vibration is the primary motion; effect of the gravity can be neglected. Here, ( ) denotes the motion of the rigid base; ( , ) represents the transverse vibration displacement of variable point . Hence, the absolute displacement of can be expressed as
Driven by the moving base, the flexible beam presents a bending deformation. The force and moment analysis of infinitesimal element in the flexible beam is shown in Figure 3 . According to the D' Alembert principle and Bernoulli-Euler Beam theory [30] , the following equations can be obtained:
where and denote mass density and cross-sectional area of the flexible beam, respectively; is Young's modulus of the flexible beam; is the cross-sectional moment of inertia about the neural axis of the flexible beam, = ℎ 3 /12, where is the width and ℎ is the thickness of the flexible beam, respectively.
Combining (1) and (2), the differential equation of transverse vibration of the FMMB can be expressed as
where (•) denotes the time derivative. It can be obviously obtained from (3) that the motion characteristics of the moving base have an effect on the vibration characteristics of the flexible manipulator.
According to the assumed modes method [3] , ( , ) can be written as
where ( ) denotes the th orthogonal mode shapes and ( ) denotes the th generalized coordinate. During the rigid base moving, the mode shapes of the FMMB are consistent with that of fixed-free beam. The th orthogonal mode shapes of the FMMB can be given as [30] ( ) = sin − sinh
Shock and Vibration here 4 = 2 / , and is the th natural frequency of the flexible beam. The following results can be obtained:
Combining (6), (3) can be further written as
Multiplying (7) with ( ) and subsequently integrating the equation along the length direction, result can be obtained as
Based on the orthogonality of mode shapes depicted as follows [6, 31] :
Equation (8) can be expressed as
where
. . , . According to Duhamel integral [30] , the solution of (10) can be obtained as follows:
Substituting (5) and (11) into (4), the vibration responses of the FMMB are subsequently obtained as follows:
where 1 and 2 are determined by initial conditions and can be determined as
where = ∫ 0 2 d which is called the mode mass.
To investigate the effect of the disturbance on the vibration characteristics and simplify the analysis process, this paper mainly considers the steady-state vibration responses of the FMMB which can be expressed as follows:
It can be obtained from (14) that, to investigate the vibration characteristics of the flexible manipulator, the motion characteristics of the rigid base should be considered. Considering the motion characteristics, the motion of the rigid base is modeled to have a disturbance which can be denoted as ( ). As a function can be expanded into the form of Fourier series, to simplify the analysis process, ( ) can be expressed as a sine function. Hence, the motion of the rigid base can be written as
where 0 ( ) denotes the ideal constant motion and and are the amplitude and frequency of the disturbance, respectively. Substituting (15) into (14), results can be obtained as follows:
To investigate the effect of the disturbance on the vibration responses of the FMMB, the rigid base with disturbance velocities and disturbance accelerations is presented in this paper.
For the rigid base having a disturbance velocity, the motion of the rigid base can be expressed as
where V denotes the ideal constant velocity. According to (16) , the steady-state vibration responses of the FMMB can be expressed as
For the rigid base having disturbance acceleration, the motion of the rigid base can be expressed as
where denotes the ideal constant acceleration. According to (16) , the steady-state vibration responses of the FMMB can be expressed as
It can be obtained from (19) and (21) that the steady-state vibration responses of the FMMB are significantly influenced by the amplitude and frequency of the disturbance which will be further demonstrated in Section 4 as well as the effect of the velocities and accelerations.
Vibration Power Flow of the FMMB
To reflect the overall vibration energy of the flexible manipulator with disturbance velocities and disturbance accelerations, the power flow of the FMMB is presented in this section. As indicated in the introduction, the power flow essentially combines force and velocity into a single quantity and can clearly describe the vibration energy distribution and transmission characteristics of flexible structures. In timedomain, power flow of flexible structures can be described as [32] [33] [34] 
where (•) denotes the time derivative, = 2 / , denotes the transverse vibration displacement obtained from (14) , and , , and are the shear force, bending rotation, and moment of the flexible beam, respectively, and can be stated as 
Substituting (23) into (22), the power flow of the FMMB can be obtained as
Considering the steady-state response, the power flow of the FMMB with a disturbance velocity and acceleration can be expressed as follows by substituting (19) and (21) into (24)
It can be obtained from (25) that the disturbances have significant effect on the power flow of the FMMB; moreover, for the steady-state responses, the power flow of the FMMB with disturbance velocities is consistent with that of the FMMB with disturbance accelerations, which will be further demonstrated in Section 4.
Results and Discussions
In order to investigate the effect of the motion characteristics on the vibration responses and power flow of the FMMB, the numerical simulation and verification are conducted in this section; also the results are presented and discussed. Properties of the flexible beam used in the numerical simulations are length = 0.650 m, width = 0.050 m, thickness = 0.002 m, Young's modulus = 197 GPa, volumetric density = 7850 kg/m 3 , and Poisson's ratio = 0.26. The vibration responses of the end point ( = 0.65) which represents the end-effector of FMMB are considered. In the assumed mode method, the first several modes are usually retained and the higher modes can be neglected [3] . Thus, only the first three modes are kept in the computations.
Shock and Vibration 5 Figure 4 shows the vibration responses of the FMMB for the rigid base having disturbance velocities. It indicates that the vibration responses of the FMMB with constant velocities ( = 0, = 0) which neglects the effects of the motion characteristics of the rigid base are consistent with that of free vibration situations, and the steady-state responses of the FMMB are unrelated with the motion velocities; this also can be obtained from (19) . It clearly shows that the disturbances have a noticeable effect on the vibration responses. Specifically, considering the effect of disturbances, amplitudes of the vibration response are bigger than that of the FMMB with constant velocities ( = 0, = 0) which is generally considered in present literatures. The amplitudes increase with and increasing; moreover, the effect of is more pronounced than that of which can be obtained from the situations of = 0.001, = 10 and = 0.005, = 2.
The power flow of the FMMB for the rigid base having disturbance velocities is shown in Figure 5 , which reflects the overall vibration energy distributions of the FMMB. It indicates that, neglecting the effects of the motion characteristics of the rigid base which is generally considered in present literatures, the power flow of the FMMB with constant velocities ( = 0, = 0) is consistent with that of free vibration situations. For the steady-state responses, the motion velocities have no effect on the energy distributions of the FMMB while the disturbances have a considerable effect. Considering the effect of disturbances, amplitudes of the power flow are bigger than that of the FMMB with constant velocities ( = 0, = 0). The amplitudes increase with and increasing; moreover, compared with , the effect of is more pronounced which can be indicated in the situations of = 0.001, = 10 and = 0.005, and = 2 which is similar to the vibration responses characteristics. Figure 6 presents the vibration responses of the FMMB for the rigid base having disturbance accelerations. It can be obtained that the disturbances have a noticeable effect on the vibration responses. Specifically, amplitudes of the vibration responses are bigger than that of the FMMB with constant accelerations ( = 0, = 0) which is generally considered in present literatures. Similar to the FMMB with disturbance velocities, the amplitudes increase with and increasing, and has a more considerable effect which can be indicated in the situations of = 0.001, = 10 and = 0.005, = 2. Moreover, it can be obtained from Figure 6 that, with the accelerations increasing, the amplitudes increased while the effect of the disturbances on the vibration responses decreased; at the same time, the vibration responses gradually approach the FMMB with constant accelerations ( = 0, = 0). This further reveals that larger accelerations contribute to suppressing the effect of the disturbances. This is significant for further vibration controls and optimizations of the motion characteristics of the rigid base.
The power flow of the FMMB for the rigid base having disturbance accelerations is shown in Figure 7 . It can be obviously obtained that, for the steady-state responses, the power flow characteristics are consistent with that of the FMMB with disturbance velocities as shown in Figure 5 . This further indicates that the power flow is unrelated with the motion velocities and accelerations which also can be obtained from (25) . Similar conclusion can be obtained that the disturbances have a noticeable effect on the power flow. Amplitudes of the power flow are bigger than that of the FMMB with constant accelerations ( = 0, = 0) and increase with and increasing. Moreover, the effect of is more pronounced which can be obtained from the situations of = 0.001, = 10 and = 0.005, = 2.
To verify the dynamic model and numerical results, an ADAMS physical model of the FMMB is constructed. The properties of the flexible beam used in the physical model are consistent with that of the numerical simulations. which actually exists in the physical model, the numerical amplitudes are bigger than that of the physical model while the change trends are well consistent.
Conclusions
Considering the motion characteristics of the rigid base, the rigid base is modeled to have a motion with disturbances.
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The effect of the disturbances on the vibration responses and power flow of the FMMB is investigated. It demonstrated that the motion characteristics of the rigid base have a noticeable effect on the vibration responses and power flow. Specifically, considering the effect of disturbances of the rigid base, amplitudes of the vibration responses and power flow are bigger than that of FMMB with ideal constant velocities and accelerations. Furthermore, the amplitudes increase with disturbance frequencies and disturbance amplitudes increasing, and the effect of disturbance frequencies is more pronounced. For the steady-state responses, the velocities and accelerations have no effect on the power flow of the FMMB. The vibration responses are unrelated with the velocities while the accelerations have a noticeable effect on the vibration responses. With the accelerations increasing, the amplitudes increased while the effect of the disturbances on the vibration responses decreased; at the same time, the vibration responses gradually approach the FMMB with constant accelerations. This further reveals that larger accelerations can suppress the effect of the disturbances of the rigid base. The results are significant for the vibration controls and structure optimization of flexible manipulators.
